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Performance Analysis of Polarization-Insensitive
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Abstract—A polarization-insensitive phase-diversity optical fre-
quency-shift-keying (FSK) receiver is proposed and its performance is
also evaluated. The basic model and signal processing formulation are
developed to describe the functions and features of this receiver. Two
different approaches (one of which is an upper bound) are used to treat
the mixed noise terms, and Gaussian approximation is employed to
estimate the receiver performance in terms of the laser linewidth, the
modulation index, and the filter bandwidth. The virtually polarization-
insensitive property is also verified. As an example, numerical results
are presented for a 150-Mbit/ s receiver, which show that the difference
between the upper bound and the other approximation is about 2 to 3
dB. It is also shown that the receiver with small modulation index is
less tolerant of the linewidth such that an error floor may appear. When
the modulation index is large, the receiver can tolerate linewidths com-
parable with the bit rate.

I. INTRODUCTION

OHERENT optical transmission has received much
attention because of higher sensitivity and many other
potential advantages over intensity modulation/direct de-
tection (IM/DD) systems [1}. Among many possible co-
herent transmission schemes, frequency shift keying
(FSK) is of great importance for 1) it imposes less strin-
gent requirement on the laser linewidths than phase shift
keying (PSK) and differential phase shift keying (DPSK)
[2] and commercially available DFB semiconductor lasers
can be used, 2) the modulated lightwave has a constant
envelope to allow the fiber (and possibly, optical ampli-
fiers) to handle much larger power [1], and 3) a large fre-
quency deviation can be used to combat the degradation
due to large linewidth. Most of the FSK optical receivers
investigated [2]-[5] are of the heterodyne structure. How-
ever, the zero-IF phase-diversity scheme [6], [7] has the
advantage of directly processing the relatively low fre-
quency baseband signals. This may alleviate many hard-
ware problems when high bit rate and large frequency de-
viation are employed.
In a coherent optical receiver it is also important that
the received and locally generated demodulating optical
field must have the same polarization. To achieve this
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purpose we may [1] 1) use a polarization maintaining fi-
ber, 2) employ some adaptive polarization correction
schemes, or 3) adopt a more complicated ‘polarization-
insensitive’’ receiver structure [8], [9] whose perfor-
mance is relatively independent of the extent to which the
polarizations of the received and local fields are matched.

In this paper we analyze the performance of a polari-
zation-insensitive phase-diversity optical FSK receiver. In
Section II the receiver structure is described. Expressions
for the output of frequency discriminators have been ob-
tained. In Section III, we first evaluate the noise power
by using two slightly different approximations for the
“‘mixed’’ noise terms. Then we calculate the bit error rate
(BER) based on each of the two approximations and the
assumption that the total error statistics are approximately
Gaussian, which is partially checked by simulation as
shown in the Appendix. The BER expressions for the
‘‘single branch’’ (i.e., no polarization diversity) receiver
are also obtained as a special case. In Section IV numer-
ical results are obtained for a medium-speed data link with
various frequency deviation and total linewidth values.
These results demonstrate the satisfactory performance of
this receiver despite its more complicated structure. In
particular, significant linewidths can be tolerated pro-
vided the frequency deviation is large and the local oscil-
lator power is strong enough to suppress the thermal noise.

II. Basic SYSTEM CONFIGURATION AND SIGNAL
PROCESSING

The block diagram of the polarization-insensitive phase
diversity optical FSK receiver is shown in Fig. 1. The
received optical signal E () is split into one horizontally
polarized and another vertically polarized beam by a suit-
able device (such as a Wollaston prism, WP,,,). The local
oscillator output E; (t) is also split by a similar device
(WP into two beams that have the same polarization
as the two outputs of WP,,,, respectively. Two identical
optical hybrids are then employed to combine the verti-
cally and horizontally polarized received and local oscil-
lator (LO) signals so that at the outputs of the first (‘‘ver-
tical’’) hybrid are

Eli = ‘\/PSB% COS (O.)Ct + d)m(t) + ¢>T(t) + a])

+ VP /2 cos (w.t + (1) + 1) (1a)
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Fig. 1. Block diagram of the polarization-insensitive phase-diversity optical FSK receiver.

and
Ei, = VPB7 cos (w.t + ¢,(1) + &7 (1) + o)
+ VP /2 sin (w2 + ¢p(t) + b)) (1b)

while the outputs of the second (‘“horizontal’’) hybrid are

5
I

VP, B3 cos (w.t + ¢, (1) + dr(1) + )

+ VP./2 cos (w.t + ¢.(t) + &) (2a)

E,, = VP83 cos (w.t + ¢,(1) + é7r(1) + )

+ VPL/Z sin ((JJC[ + ¢L(t) + 62) (2b)
where P, is the received signal power, P, is the LO power,

2 is the fraction of P in the horizontal direction, 83 is
the fraction of P; in the vertical direction, ¢,,(¢) is the
phase modulation due to message signal, ¢ (¢) and ¢, (¢)
are the phase noises of transmitting and LO lasers, w, is
the carrier and LO frequency (assumed identical), and «;,
a5, 61, and &, are the phase angles representing different
optical lengths.

It has also been assumed that the LO output is aligned
in such a way as to produce equal power in horizontal and
vertical directions.

The four outputs from the two horizontal and vertical
optical hybrids are then converted to electric signals by
four identical optic-electric (O-E) converters consisting of
p-i-n diodes (with responsivity R A/W) followed by low
noise preamplifiers and equalizers (with overall trans-
impedance value 1 ). Identical low-pass filters, LPF,,
are used in each ‘‘arm’’ to remove the high frequency
noise while leaving the signal components virtually un-

changed. At the low-pass filter outputs we have

vy = Cy cos (¢,(1) + ¢r(1)

— (1) + a; = 8;) + nyi(2) (3a)
vi, = —Cysin (¢,(1) + or(t)
— ¢u(r) + oy — 8y) + ny (1) (3b)
and
v2; = Gy cos (¢,(1) + or(2)
— ¢u(t) + oy — &) + ny(2) (4a)
U2, = —Cysin (9,(1) + o7(2)
— ou() + oy = &) + my(1)  (4b)

where all dc terms have been omitted since they will have
no contribution to the discriminator output, and

C. ARVP,P,B:/2, k=1,2. (5)
ny; (1), Nig(t), ny;i(t), and n,, (1) are shot noises gener-
ated in the photodetection process.

It is assumed that P; is much larger than P, and all ther-
mal noises in electronic circuits are negligible. Thus
ny; (1), ny, (1), my; (1), and ny, (t) are all zero-mean inde-
pendent Gaussian processes with double-sided power
spectral density (PSD)

_ 9RP,
4
up to the cutoff frequency of the low-pass filter, LPF,.

Two identical delay-and-multiplying discriminators [7]
are used in the horizontal and vertical *‘branches’’ to pro-

No (6)
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duce two separate ‘‘detected’’ outputs v, (¢) and vg, (1)
as follows:

vy (1) = vli(t)vlq(t = 7) — vt — T)vy(t)  (7a)
taa(t) = v2()0yy(t — 7) — v3(t — T)vy,(1). (7b)

Substituting (3a), (3b), (4a), and (4b) into (7a) and (7b)
and using the fact that, for practical implementation, 7 is
much smaller than the bit duration T [7], we may expand
the resulting expression in a power series of 7 and retain
only the first-order terms. The final results are [10]

va(t) = GQafym(t)r + 2nfy(1)7)
+ Cer{ma(1) (81 (1) + B4 (1))
- cos (dn(r) + n (1) + = &)
= g (1) (b (1) + 65 (2)) sin (¢,,(1)
+ oy (1) + o — &) — nji(1) sin (¢,,(1)
+ o (1) + o = &) — (1) cos (@, (1)

+ oy (1) + o — 5k)}

+ T{n};,-(t) nkq(t) - nki(t)nléq(t)}s

k=1,2. (8)
In deriving (8), we have assumed that
t
on(t) = 27fy 50 m(a)da, .m(t)lmax =1 (9)

where m(t) is the baseband message signal and we have
also defined the ‘‘combined’’ phase noise ¢y (#) and fre-
quency noise fy (1) to be

on (1) & o7 (1) — ¢.(1)
=27 S.OfN(a)da.

(10)

fn (1) has been shown to be well approximated by a white
Gaussian zero-mean process with double-sided PSD [11]
Av
S =— 11
w(f) =5 (1)
where Av = Avy + Ay, is the “‘total”’ linewidth.

Since the modulating signal m(7) is usually band lim-
ited to a frequency f,,, it is advantageous to add a low-
pass filter LPFy to eliminate the ‘‘out-of-band’’ noise in

the combined detected signal v, (¢t) + v,,(t). The final
decision of the transmitted data is therefore based on

vo(r) = LPEg{va (1) + vaa(1)}. (12)

[II. PERFORMANCE ANALYSIS
A. Signal and Noise Power Estimation

To analyze the system performance, the following ob-
servations and assumptions are made at the beginning.

1) The message signal m(z) is of the form
m(t) = kAZ aP(t — kT)

(13)

where g, = +1and {q;}; = —oo is the transmitted data
sequence with Pr{a;, = +1} = 1/2 and E{q;a,} =0
for k # s. p(r) is the transmitted pulse waveform satis-
fying the Nyquist criterion [12] p(0) = 1 and p(mT) =
0 for nonzero integer m. The raised cosine pulse is a good
exampie.

2) va(t), k = 1, 2, may be separated into signal and
various noise components as

va(t) = sa(t) + nalr)
= sa(t) + (ngra(t) + Mamix k(1) + Rashor i (1))
(14)
where
sa(t) = Cir (2 fy)m(1)
ngi(t) = Gir 2mfy (1)
Pamin 1(1) = Cor {ma(0)(91,(1) + 84 (1)) cos (9 (1)
+ oy (1) + oy — &)
=g (1) (7,(1) + & (1)) sin (&, (1)
+ oy (1) + oy — &)
—ni(t) sin (¢, (1) + oy (1) + o — &)
— nj, (1) cos (b,(1)
+on (1) + o — 5k)}
Rasno k(1) = T{"I'ci(’)”kq(t) - "ki(t)nllcq(t)}' (18)

3) The bandwidth of the LPF, is chosen according to
Carson’s rule [13], £ 2 (8 + 1) f,,, where f,, is the band-
width of m(1), and 8 = f;/f,, is the modulation index (or
deviation ratio). The shot noises ny, (1), ng, (1), k =1, 2,
are, therefore, also band limited to f,.

4) The noise processes ny;(t), ng,(¢), Kk = 1, 2, and
fv (¢) are all mutually independent and also independent
of the message signal m(t). We also have

E{nj(t)ng(t)} = E{mg(t)njy(t)} =0, k=1,2.

(19)

5) The timing recovery circuit works perfectly in the

presence of noise so that the sampling instants occur at ¢
= mT, where m is an integer, exactly.

Under the above assumptions and using Gaussian ap-
proximation for the detector output signal, we may now
determine the statistics of the sampled value of v, (?),
Uo(mT).

To find the mean of vq(mT), we note that vy(7) =
LPFz{v,; (r) + v4(1)} and since m(¢) is band limited
to the frequency f,,( f,, < 1/Tif p(z) is a raised cosine
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pulse) which is taken to be the cutoff frequency of the
ideal low-pass filter LPFp, the filtering has no effect on
the signal component in v, () and v,,(t). Hence

. so(t) = s (1) + saa(2) (20)
E{Uo(mT)} = so(mT) = 54/ (mT) + s4(mT)

= (Ct + G) 1(27fy)ay,

= +C7 (27fy) (21)

where we have used the fact that all noise terms in v (),
k =1, 2, have zero mean and p () satisfies the Nyquist
criterion. We also define

P.P
ceJ + G =R [=E

5 (22)

assuming that 87 + g2 = 1
To find the variance of vy(mT), we first note that

var {vo(mT)} = var {k; (rosx(mT) + nomix (mT)

+ nOshot.k(mT))}
E{(”om(mT) + "om(’”T))z}

I M e

+ E{ngmix,k(mT)}

k=1

2
+ k;] E{n(z)shot.k(mT)} (23)
where it is easy to verify that all the cross terms vanish.
Equation (23) shows that we can consider the contribution
of each noise term separately.

1) The Frequency Noise nys (t) = nozy(t) + ngso(t):
Since

nosi(t) = LPFp{ng ()}, k=1,2
= Cl7 27 LPF,{ fy (1)} (24)
we have
nos (1) = C1 21 LPFR{ £ (1)} (25)
and
fm
E{nb;(mT)} = C*r*(2r)’ S_f ?7 df
= C*7*(47?) éwﬂf,,,. (26)

2) The Mixed Noise, ngpix i (£), k = 1, 20 nomixx (1), k
= 1, 2, are the low-pass filtered versions of ngy;, (?).
Since ngmi, x(¢), K = 1, 2, are non-Gaussian nonstation-
ary processes, exact evaluation of their power at the out-
put of LPF; is very difficult. We thus try to obtain two
slightly different approximations based on some simpli-
fying assumptions.

JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 8, NO. 3, MARCH 1990

Approximation I: The simplifying assumptions are as
follows:

a) The effect of LPFj is simply to limit the wide-band
noise terms (m;(¢), m (1), on (1) = 2mfy (1), ni (1),
Nig (1), €tC. ) in nymix 4 (¢) to the bandwidth f,, (in the order
of 1/T). The mathematical forms of ngp, ((2), k = 1, 2,
are approximately unchanged.

b) The message signal m(1) = L. _, ayp(t — kT) is
approximated as a stationary process with zero mean
(E{a;} = 0)and PSD |P(f)|’T [14], where P(f) is
the Fourier transform of p(t). m(t) is, of course, inde-
pendent of other noise terms in n ., 4 (7).

Under the assumptions stated in a) and b), we can de-
rive

E{n(z)mix(t)}
E{ngmixyl(t)} + E{”%mix,z(f)}

= C?7%4x? {ZNofm <f‘21m * év‘ﬂ'—fm>

2
+ SNOffn}
. 1
8C* 1’ Ny f,, {(fﬁmz(t) + 2 f'") +3 3—,,}
T
(27)
Approximation II: In this approximation, we define
Aamink = Cer{ma(0) (@n(1) + 0k (1))
= g (1) (60 (1) + B3 (1))
—ni(1) = mig(n)},  k=1,2. (28)

Rgmixx(2) may be taken as an ‘‘upper bound’ for
Ramix.k(1), k = 1, 2. Since it is a stationary process, its
power spectral density may be found, and at the output of
LPF, we have an upper bound for E {n},;. ()} at any ¢
as

E{ﬁ(zxmsx(’)}
= E{fgmix.1 (1)} + E{ﬁ%mi’cl(t)}

2C*r%4n? EZNofm [ff,% + %{m (48 + 3)]

2

+ 3 Noffnz

—— A
= t6C s, | I + S ap 4 3)

1 2

+ i (29)
3

In deriving (29), we have assumed that § > 1.
3) The Shot Noise ngg,(t) = Nogo () +

Roshor 2 (1) Rognor (1), k = 1, 2, are the low-pass filtered
versions of nggo x (7). We need only consider k = 1, for
the two terms are independent and identically distributed.
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We define
ni(t)n (1) 2 ni4(1)
ni(t)n (1) £ n5(1)

(30a)
(30b)

B. Bit Error Rate Calculation Based on Gaussian
Approximation

1) BER According to Approximation 1 of ‘‘Mixed’’
Noise: Using (21), (26), (27), and (38), we have

B

PE =~ Q ; ]77 .
i o, Av 1} l<qu> ( 3 2 E)}
{wfm+< )[B m(n) + o+ 3| T g \gp, ) 168 T30 + 286 + 5

(39)

2) BER According to Approximation II (Upper Bound)
of “‘Mixed’’ Noise: Using (21), (26), (29), and (38). We
have

B8

P, ~
Then
Maghor,1 (1) = 7(ny4(t) — nyp(1)) (31)
Rigor 1 (1) = E{ndshot.l(t)ndshot,l(t + T)}
= 7 {Ru (1) + Rua(7) = Rypani(7)
~Ruma( 1)} (32)
But
R, (1) = E{nji(t)ni(t + 7)JE{n,()n (1 + 1)}

= [~ dil;iRnu(T):l [Rnlq(T)] (33)
Sus(f) = (47228, (1)) * (Sa () (34)
Similarly, we find
Sus(f) = (47°f28,,()) * (S, () (35)
and
SmAmB(f) = Smsnu(f) = 4#2(me,-(f))
*(fSu,(£))- (36)
Thus
Sndshot.l(f) = 7'247r2[(f2sn1i(f)) * (Snlq(f))
+ (280, () * (Sui( £))
_2(f nl.(f)) * ( ’llq(f))] (37)
and therefore
E{n(z)shot.l(t)}
Sfm
= —fm Sndshot,](f)df
%Nofm [1633 + 368% + 288 + %}
= E{n(z)shot,2(t)}' (38)

Q 2 172 |-
{me +2 (RPX> [ (1) + —— 1 fm (48 + 3) + } c <RPS> <16B3 + 368% + 288 + 5 >}

(40)

3) BER for the Single Branch (i.e., no polarization di-
versity) Receiver: If polarization alignment at the re-
ceiver is achieved by other means, polarization diversity
is unnecessary. Our receiver then reduces to the conven-
tional phase-diversity receiver [7]. Its analysis is quite
similar to that carried out above. The final BER expres-
sions based on two approximations of ngn, (1) have the
same form as (39) and (40) except that the coefficient of
the last term in the denominator of the argument of
Q-function is 1/12 rather than 1/6.

IV. NuMEeRrICAL EXAMPLE

The following parameters are assumed for a typical me-
dium-speed digital data link:

data rate = 150 Mbits /s;

photodetector responsivity (R) = 0.84 A/W;

frequency deviation ( f;) = 275 MHz (case A), 550
MHz (case B);

total linewidth (Av) = 0, 1, 10, 30, 60, 100 MHz;

local oscillator power (P;): large enough so that the
thermal noise can be neglected;

pulse shaping: raised cosine, m* (1) =

The BER’s were computed using Gaussian approxi-
mation in case A ( f; = 275 MHz) and case B ( f; = 550
MHz) as a function of received power P, for various total
linewidth values listed above. Two sets of curves have
been obtained in each case, based on the two different
approximations employed in evaluating the power of the
“‘mixed’’ noise terms.

Several facts are highlighted in the numerical results.

¢

1) The two different approximations for the ‘‘mixed”’
noise terms in each case (Figs. 2 and 3 for case A; Figs.
4 and 5 for case B) result in a difference in P, of 2-3 dB.
Since Approximation I tends to underestimate the noise
power, while Approximation II is an upper bound, the
exact average BER should lie between the two sets of
curves.
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signal power Ps, dBm

Fig. 2. BER curves for 150-Mbit /s data rate, 275-MHz frequency devia-
tion, and Approximation I of the mixed noise terms.

100MHZ

Bit Error Rate Pe
=)

10

-66 -64 -62 -60 -58 -56 -54 -52 -50

signal power Ps ,dBm

Fig. 3. BER curves for 150-Mbit /s data rate, 275-MHz frequency devia-
tion, and Approximation II of the mixed noise terms.

2) For Case A, BER begins to degrade rapidly when
the total linewidth (Av) exceeds 10 MHz. It is also ob-
vious that a noise floor exists (Figs. 2 and 3) such that a
BER of 1077 (or smaller) cannot be achieved for Ay =
60, 100 MHz.
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Bit Error Rate Pe
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Fig. 4. BER curves for 150-Mbit /s data rate, 550-MHz frequency devia-
tion and Approximation I of the mixed noise terms.
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-50

Fig. 5. BER curves for 150-Mbit /s data rate, 550-MHz frequency devia-
tion, and Approximation II of the mixed noise terms.

3) For Case B, with twice the frequency deviation of
case A, BER degradation is much improved and a BER
of 10™° can be achieved even for Ay = 100 MHz at a P,
level no greater than —53 dBm. No noise floor appears
on the plot.
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Fig. 6. BER curves of the single branch receiver, all parameters being the
same as the case in Fig. 2.
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Fig. 7. BER curves of the single branch receiver, all parameters being the
same as the case in Fig. 3.

Special Case: The single branch receiver: If polari-
zation matching is achieved by some other means (e.g.,
by using a polarization maintaining fiber), then our re-
ceiver reduces to the single branch structure proposed in

10
-3
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o -5
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-8 60MHZ
107 F
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10 L 1 1 1 I L 1
.66 -64 -62 -60 -58 -56 -54 -52 -50

signal power Ps,dBm

Fig. 8. BER curves of the single branch receiver, all parameters being the
same as the case in Fig. 4.

[7]. The numerical BER results have also been evaluated
for the two frequency deviations (275 MHz, 550 MHz)
and two different approximations for the ‘‘mixed’’ noise
terms. (Figs. 6 and 7 for f; = 275 MHz; Figs. 8 and 9
for f, = 550 MHz).

It can be expected that the single branch receiver has
better performance because of the smaller shot noise
power. Comparing Figs. 6-9 with Figs. 2-5 indeed con-
firms this, but the improvements are less than 1 dB and
even negligible especially when Ay is large. Similar con-
clusions have been obtained for heterodying FSK receiv-
ers [9] with nonlimiting IF stages.

V. CONCLUSION

We have studied a polarization-insensitive optical
phase-diversity FSK receiver based on the extension of an
experimentally demonstrated design [7]. The advantage is
that neither polarization maintaining fibers nor electro-
mechanical polarization control is necessary. We have
analyzed the performance of this receiver structure by
using two slightly different approximations for the
“‘mixed’’ noise terms in the frequency discriminator out-
put and by assuming the total noise statistics to be Gaus-
sian. The results indicate that, although more complicated
in structure, this polarization-insensitive receiver per-
forms almost equally well compared with the original
simpler one (i.e., without polarization diversity) and a
BER of 1077 for a 150-Mbit /s data rate can be achieved
at a received power level no greater than —53 dBm with
a frequency deviation ratio of approximately 4. The per-
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Fig. 9. BER curves of the single branch receiver, all parameters being the
same as the case in Fig. 5.

formance is also found to be independent of the power
division ratio of the received signal along the two (vertical
and horizontal) axes. Finally, such performance can be
expected in practical implementations only if 1) the local
oscillator power is large enough to suppress the thermal
noise and 2) component characteristics (including time
delays) in each branch are well matched.

APPENDIX
PARTIAL CHECK FOR THE ACCURACY OF THE GAUSSIAN
APPROXIMATION

Due to the complicated forms of v;(¢) (discriminator
output) and v, (1) [ the low-pass filtered version of v,(1)],
we have to assume Gaussian distribution and use some
additional approximations to obtain expressions for the
BER in closed forms. Questions may naturally arise con-
cerning the validity of such approximations. To verify
their accuracy, we have done some numerical simulations
described in this Appendix.

A. Simulation and Results

We have chosen the Monte Carlo approach for the sim-
ulation. Although it is very CPU time consuming, its de-
gree of accuracy does not depend on the actual probability
density functions (pdf) (which are unknown in our case)
of the random signals being simulated. Due to the limi-
tation in our computing facilities, we are subjected to the
following restrictions.

e
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1) Only the single-branch (i.e., no polarization-diver-
sity) receiver is simulated. There may be, however, little
loss in generality since the noise terms arising in the ver-
tical and the horizontal branches have the same mathe-
matical forms.

2) The total linewidth Ay is fixed at 60 MHz, a reason-
able value for DFB laser diodes commercially available
at present.

3) Only BER greater than 2 X 10> has been simulated
[15].

The simulation is done on 6 MIPS 80386 PC worksta-
tions using the MATLAB™ software. This package has
been adopted because of its array (vector) processing ca-
pability and extensive built-in signal processing (filtering,
random noise generation, etc.) functions.

The simulation procedure is similar to the one de-
scribed in [15]. All function blocks of the receiver were
simulated and care has been taken to ensure the mutual
independence of all noise sources. The low-pass filters
LPF, and LPFy are all taken to be second-order Butter-
worth type with bandwidths indicated in the text.

Figs. 10 and 11 show the simulated and theoretically
predicted BER’s for the single-branch receiver with data
rate 150 Mbits /s, total linewidth 60 MHz, and frequency
deviations 275 MHz and 550 MHz, respectively. 90-per-
cent confidence intervals are also indicated for all the sim-
ulated BER’s.

Fig. 12(a) shows the simulated and predicted Gaussian
(Approximation II) distribution of the sample values of
the detector output v4(kT) for a frequency deviation of
275 MHz and received signal level of —62 dBm (BER =
107%). The portion of the curves near decision threshold
(zero) is shown in magnified form in Fig. 12(b).

B. Discussion

From the simulated data we can see that the approxi-
mations made in deriving the theoretical results are real-
istic, at least for BER’s in the range from 107* to 107°.
There is one thing that remains to be explained: for a BER
greater than = 102 the simulated error rate may be higher
than the “‘upper bound’’ (Approximation II). This can be
understood by seeing that, although an upper bound has
indeed been found for v, (7), the distribution of this upper
bound is not exactly Gaussian, as was assumed. Such de-
viations are not important, however, since no practical
systems operate at so high an error rate.

To simulate system performance at bit error rates lower
than 107>, one has to either use very fast vector com-
puters or employ the importance sampling technique,
which reduces the required sample size. The former may
extend the obtainable BER to =107’ with reasonable
CPU time. The latter has been used to simulate BER’s
lower than 10~°, but the results can be fully justified only
if the pdf’s are known approximately.
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Fig. 12. (a) Simulated and predicted Gaussian (Approximation II) pdf for the sin.
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